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Abstract 

The classical and quantum oscillator model on Lie-algebraically deformed non- 
relativistic space-time is introduced and analyzed. The corresponding equations of 
motions are studied using mostly numerical methods. The time-dependent energy 
spectrum is presented as well. 
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1 Introduction 



Due to several theoretical arguments (see e.g. p]-[l|) the interest in studying of space- 
time noncommutativity is growing rapidly. There appeared a lot of papers dealing with 
noncommutative classical ([5]- [12]) and quantum (p2]-[2T]) mechanics, as well as with 
field theoretical models (see e.g. ([22j-[31j), defined on quantum space-time. 

At present, in accordance with Hopf- algebraic classification of all deformations of rel- 
ativists and nonrelativistic symmetries (see [32], [33J) one can distinguish two quite in- 
teresting kinds of quantum spaces. First of them corresponds to the well-known canonical 
type of noncommutativity 

[ %v ] i@fj,i/ , (1) 



with antisymmetric constant tensor . Its relativistic and nonrelativistic Hopf-algebraic 
counterparts have been proposed in [31]- [36] and [37] respective!;^]. 

The second class of mentioned deformations introduces the Lie-algebraic type of space- 
time noncommutativity 

[ £/J5 %U } = i@ p fjivXp 1 (2) 

with particularly chosen constant coefficients 6 P . The corresponding Poincare quantum 
groups have been introduced in [39], [10], while the suitable Galilei algebras - in [JT] and 

Recently, there was proposed a particular type of Lie-algebraic deformation of nonrel- 
ativistic space-time with spatial directions commuting to timeU 



[ t, Xi ) — = [ Xfa 2T p (y) ] , [x T ,x p ] — — t ; p, r, k — fixed and different. (3) 

The above noncommutativity has been obtained in the framework of quantum groups in 
|37j . while its basic properties have been investigated in a context of nonrelativistic particle 
subjected to the external constant force |12j . In particular, there was demonstrated that 
such a kind of quantum space-time produces additional acceleration of moving particle 
coupled to the force terms generated by so-called space-like deformation [37] . 

In this article we extend our investigations of deformation ([3]) to more complicated 
nonrelativistic system - the classical and quantum oscillator model. It should be noted, 
however, that analogous studies have been already performed in a context of canonical 
deformation (JT]), i.e. the solution of corresponding equation of motion has been provided 
and analyzed in [0], while the (deformed) energy spectrum has been discussed in [18]-|2Uj. 

1 See also [38] . 

2 It will be call i-deformation of classical space. 
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In this paper we adopt the general treatment proposed in [19] and show, that the space- 
time noncommutativity ([3]) generates a proper (explicit) time-dependence of oscillator 
Hamiltonian function. In such a way we discover a connection between noncommutative 
geometry (a quantum group) and nonrelativistic models with time-dependent mass and 
frequency (see e.g. |42]-|46j). Besides, we also confirm that such a deformation introduces 
the additional term proportional to angular momentum of considered system [18], [19]. 
Finally, the numerical studies of the solutions of corresponding equations of motion are 
presented in detail and the growing in time energy spectrum is analyzed as welg. 

In this article apart of deformation ([3]) we also introduced its natural generalization 

[t,Xi ] = = [x k ,x p{T) ] , [x T ,x p ) =if K {t) , (4) 

with arbitrary time- dependent function f K (t) approaching zero for parameter k running 
to infinity. We demonstrate that for such generalized space-time the energy spectrum 
of the model depends on function f K (t) and becomes finite for large times. It should 
be noted however, that noncommutativity (j4]) can not be derived in the framework of 
quantum groups, and for this reason, from formal point of view its geometric status 
remains unknown. 

The paper is organized as follows. In second Section we recall the Galilei Hopf structure 
providing quantum space ([3]). Further, in Section 3, we investigate the classical oscillator 
model on such a space-time, i.e. the corresponding equation of motion is provided and 
its solution is analyzed numerically as well. In Section 4 the energy spectrum of a proper 
quantum model is discovered. Section 5 deals with the classical and quantum oscillator 
system defined on generalized space-time (T4]). The results are summarized and discussed 
in the last Section. 

2 Twisted Galilei Hopf algebra and corresponding 
Lie-algebraically deformed space-time 

In this Section (following the paper [57]) we recall the Lie-algebraically deformed Galilei 
Hopf algebra U K {Q) (k denotes deformation parameter) providing nonrelativistic space- 
time ([3]). Its algebraic sector remains classical 

[ K^, K H } = i (5u K jk - 5ji K ik + 5 jk K u - 5 ik Kji) , 

[K i:j ,V k } = i(5 jk Vi - 5i k Vj) , [K ij ,U k }=i(8 jh U i -8 ik U. j ) , (5) 

[K ij ,u Q ] = [v i ,v j ] = [v i ,u j ] = o , [v i ,u Q ] = -iu i , [ii lt ,u v ] = o, 

3 It should be noted that for fixed time parameter t the obtained energy spectrum becomes the same 
as one recovered in [TU] , 

4 The symbols Kij, Vi and IT M denote rotations, boosts and space-time translation generators respec- 
tively. 
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while the coalgebraic part takes the form (p, r - fixed and different) 



A K (n ) = A (rio) + -^n T a u p , (6) 

A K (n 4 ) = A (n,) , A K (Vi) = A (Vi) , (7) 

A K (i^) = A (^) + ^[^,F p ] AUr + ^-V^AiSirUj-SjrlU) ; (8) 

the antipodes and counits remain undeformed (50(a) = —a, e(a) = 1). 
The deformed coproducts (jEJ)-(jBJ) are obtained by twist procedure [17], i.e. 

A K (a) = T K o A (a) o T~ x ; A (a) = a ® 1 + 1 <g> a , (9) 

where the twist factor T K E U K (Q) <S> U K (Q) satisfies the classical cocycle condition 

T KYi ■ (A ® 1) T K = F k23 • (1 <g> A ) ^ , (10) 

and the normalization condition 

(e <g> 1) ^ = (1 ® e) ^ K = 1 ; ^ Kl2 = ^ K ® 1 , ^ k23 = 1 <g> T K . (11) 

It looks as follows 



T u c^[l-U T AV p ) . (12) 

Obviously for deformation parameter k approaching infinity the above Hopf structure 
becomes classical. 

Let us now turn to the deformed space-time corresponding to the Hopf algebra U K {Q). 
It is defined as the quantum representation spaces (Hopf module) for quantum Galilei 
algebra, with action of the deformed symmetry generators satisfying suitably deformed 
Leibnitz rules (see e.g. [H]). The action of Galilei group U K {Q) on a Hopf module of 
functions depending on space-time coordinates (t, Xj) is given by 



Uo>f(t,x)=id t f(t,x) , Ui>f(t,x)=idif(t,x), (13) 
Kij > f(t, x) = i {xidj - xjdi) f{t, x) , Vi > f(t, x) = itdi f(t, x) . (14) 
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Moreover, the ^-multiplication of arbitrary two functions is defined as follows 

f(t,x)* K g{t,x):=uofc 1 >f(t,x)®g(t,x)) . (15) 

In the above formula T. denotes twist factor ffl2l) and uj o (a <g> b) = a ■ b. 
Consequently, we get the following factor 

^ = exp (-^rAtfiU > ( 16 ) 

and the corresponding nonrelativistic space-time (see (j3J)) 

with indexes p, r and different and fixed, and [a, b]+ K := a-k K b — bk K a. 

Finally, it should be mentioned that for the deformation parameter k running to 
infinity the above quantum space becomes commutative. 



3 Classical oscillator model 

Let us start with the following Lie-algebraically deformed phase space corresponding to 
the quantum space-time (IT7|) (see [T2] n 

{ t, Xi } = = { X k , Xpt T ) } , { X T , X p } = -t , (18) 

K 

{x i ,p j } = 8 ij , {Pi,pj} = 0, (19) 



where indices k, p and r are different and fixed, i,j = 1,2,3. One can check that the 
relations ( fl8l) . ( fl9l) satisfy the Jacobi identity and for deformation parameter k running 
to infinity become classical. 

We define the Hamiltonian function for isotropic harmonic oscillator with constant 
mass m and frequency uj as follows 

— i TflUJ^ 

H(P, x) = — {f P +P 2 t+PI) + — {x 2 p + x 2 T + xl) . (20) 

Next, in order to analyze the above system we represent the noncommutative variables 
(xi,pi) on classical phase space (xi,Pi) as (see e.g. [18], [19], [21]) 

5 We use the correspondence relation { a,b } = i[ a,b] (H = 1). 
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t _ _ t 

Xp Xp -\- — p r , X T X T — Pp j Xfo Xk j Pi Pi i l^-U 

where 

{ Xi, xj } = = { pi,pj } , { Xi,pj } = Stj . (22) 



Then, the Hamiltonian (120]) takes the form 



H(P , ,) = Hjt) = & + f + M W" 2 W (xg + 4) + *^ + Jj + !T^M (23) 
; w 2M (t) 2 V p 2k 2m 2 v ; 

with symbol = x p p T — x T p p denoting angular momentum of particle in direction k. 
Besides, the coefficients M(t) and Q(t) present in the above formula denote the time- 
dependent functions given bjo, 



M « = TT%i ' n W= w V 1 + I5 £r' (24) 

respectively. One can check that 

M(t)tt 2 (t) = mcu 2 = const. . (25) 

As it was already mentioned in Introduction, the considered system (1231) with neglected 
last three terms as well as with arbitrary "mass" and "frequency" functions M(t), Q(t) 
has been studied at classical and quantum levels in |32]-[l6]. Obviously, in our case, due 
to the condition ( 1251) the coefficient of a second term in Hamiltonian function ( 1231) remains 
constant, i.e. 

MMm (xl+4)= ^f {xl+4) . (26) 

Using the formulas (|22[) . ([2"3"j) one gets the following canonical Hamiltonian equations 
of motions 



P P tmu 2 . 2 tmu 2 

p T tmuj 2 2 tmc<j 2 

x T = ^ + ^-x p , p T = -mu x T + —p p , (28) 



6 lim M{t) = 0, lim fi(i) = oo. 



t — *oo t— *-oc 

7 See Fig. 2a. 
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a) x p b) x p c) 



Figure 1: The particle trajectory for parameters m = u = k, = 1. The dashed line 
corresponds to the case of classical (undeformed) oscillator and the time parameter runs 
from to 15, 30 and 50 for figures a), b) and c) respectively. 

ik = — , Pk = -mu 2 x k , (29) 
m 

which when combined yield the equations 

( - mu 2 ( „ . M(t) . \ mu 2 ( mu 2 , ,. . „ \ „ 

x p = ——t -2x T + -^x p + — - —-M{t)t 2 - 1 )x T - uj 2 x p 
Ik \ k J 2k \ 2nr I 



^ + m\^u-^\. (3°) 



^ 'x k = -u 2 x k . 

The solution of eq. fl30l) has been studied numerically and the corresponding trajectories 
are illustrated on Fig. [TJ If the parameter k runs to infinity the equation (13"0"|) becomes 
undeformed and describes the periodic motion of classical harmonic oscillator |49j . 

4 Quantum oscillator model 

The main aim of this Section is to study the spectrum of the following quantum-mechanical 
counterpart of Hamiltonian 



H(t) = {P \ + J; ] + — {&, + ff) + + + ^ , (31) 

v 7 2M(t) 2 v p w 2/t 2m 2 ' v ; 
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with Xj and pi denoting the classical position and momentum operators such that 

[ Xi,Xj ] = = [puPj ] , [ Xi,pj ] = i5ij . (32) 



In accordance with the scheme proposed in [19] (see also [18]) we introduce a set of 
time-dependent creation (a\(t)) and annihilation (a^(t)) operators 



a±(t) = \ 



{P P ±ip T ) _ i ^M(f)n^{x p ±ix T ) 



y/M(t)n(t) 



(33) 



a k = ( -p= - iy/muxk J , (34) 
satisfying the standard commutation relations 

[a j4 ,a jB ]=0 , [a^,a^] = , [aA,alj] = 5AB ; A, 5 = ±, . (35) 



It should be noted, that for the parameter k running to infinity the creation/annihilation 
operators fl33l) take the classical form, i.e. they become time-independent. Further, one 
can easily check that in terms of the operators (133]) and fl34l) the Hamiltonian function 
(}3~I]) looks as follows 

^) = O4t)('iV^) + ^+Q4o('iV4t) + 0+a;('4 + 5) , (36) 



with coefficient 0±(t) given b}0 



tmu 2 



n ± (t) = n(t) T — — . (37) 

Besides, the following objects 

JV±(t) = 4(t)a±(t) , iV fc = aia fc , (38) 

play a role of particle number operators in ± and k direction respectively. 

The eigenvectors of Hamiltonian (1361) are generated by creation operators a±(t), a\ 
acting on vacuum state |0 > 



3 See Fig. 2b. 








M 




\ 

\ 

\ 





t/n 




Figure 2: The time evolution of functions £l(t), M(t), £l±(t), £?o,o,o(0> -^1,1,1 CO an d dif- 
ference AE(t) = El icit) — E Q fifl{t) with fixed parameter k and m = u = 1. 



\n+,n_,n k > t - 



>n k \ 



10 > 



(39) 



Then, the corresponding eigenvalues take the form 

E n+>n _ >nk (t) = Q + (t) (n+ + \)+n_(t) l n - + l\ +u \n h + r> 



(40) 



One can also see that the difference between two neighboring levels of spectrum (j40D is 
given by the formula 



AE(t) := E n++ i tn _ + i ink+ i{t) — E n+tn _ }nk (t) = 2Q,(t) + u , 



(41) 



with function AE(t) growing in time. Obviously, for deformation parameter k running to 
infinity the spectrum f)4Up as well as its difference (1411) become classical. As an illustration 
of relation (jiOj) the time evolution of E 0)0i0 (t) and E ltlj i(t) eigenvalues has been presented 
on Fig. 2c. 

Finally, it should be noted that for fixed parameter t the above system can be identified 
with canonically deformed oscillator model proposed in [19], i.e. the spectrum ( 1401) for 
time parameter t = kQ pt (see (OQ)) becomes the same as one derived in [T9] . 



5 Beyond the quantum group 

Let us consider the following generalized phase space 
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{ t, Xi } = = { x k , x p{t) } , { X T , x p } = f K (t) 
{x i} p j } = 5 ij , {p l ,p j } = 0, 



(42) 
(43) 



where f K (t) denotes arbitrary time-dependent function approaching to zero for parameter 
k running to infinity. Obviously, the above relations satisfy the Jacobi identity and 
for parameter k approaching to infinity become classical. Besides, as it was already 
mentioned in Introduction, the generalized noncommutativity (1421) can not be realized 
as a translation sector in the Hopf-algebraic framework of relativistic and nonrelativistic 
symmetries. Nevertheless, due to the link (for particular choices of function /«(£)) with 
oscillator models [15], [IB], the study of such a system appears quite interesting and shall 
be discussed in present Section. 

The relations (j42p and (j43H can be represented in terms of classical phase space vari- 
ables as follows 



Xn + 



/«(*). 



-Pi 



/*(*). 



Pp , -£fc ""k , Pi Pi 



(44) 



Then, the corresponding Hamiltonian function takes the form 



H f {t) 



(P 2 P + Pi) mu? ( 2 2 v 



f K (t)mu 2 L k p 2 k mu?x\ 



^ 2m ^ 



(45) 



with generalized coefficient Mf(t) given by 

M f (t) 



m 



By direct calculation one can also find the corresponding equation of motion 



(46) 



Xk 



mu 2 f K (t) 



f K (t)M f (t)x p -2x T ) + 



+ muj2Ut) ( muj2Mf(t) m -i) Xr - u\ 



muj 2 f K (t) 



f K {t)Mf(t)x T + 2x p ) + 



+ ^^(i-^^m)x P -. 2 x T 



(47) 
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b) 



Figure 3: The particle trajectory for function f K {t) = sin f-J and parameters m = uj = 
k = 1. The dashed line corresponds to the case of classical (undeformed) oscillator and 
the time parameter runs from to 30, 50 and 100 for figures a), b) and c) respectively. 



which in the case f K (t) = - leads to the system ([TBI . f[T9l related with quantum group 
|37j . Besides, for the choice f K (t) = 8 pT we get the equations of motion for canonical 
deformation of Galilei algebra proposed in [9]. 

The above equations have been investigated numerically for two particular choices of 
function f K (t) with fixed parameter k 



/«(*) 



sin 



(^) (a) and f K {t) = (e"* - 1 



(b). 



(48) 



First of them corresponds to the periodic time evolution of generalized coefficient (146]) 
and can be compare with the oscillator system studied in [15], [46^1 The second choice 



introduces, as we shall see below, the finite for large times energy spectrum of a proper 
quantum oscillator model. Of course, for k — ► oo the both functions (35a) and (35b) 
approach to zero, and the phase space (J12]) . (J4"3"j) becomes classical. We add that the 
corresponding trajectories are illustrated on Fig. [3] and HI 

Let us now turn to the energy spectrum of quantum oscillator model defined on gen- 
eralized phase space fl4"2j) . (|4"3"|) . If we introduce the set of the following generalized cre- 
ation/annihilation operator 



a f ±(t) 



(Pp ± iPr 



y/M f m f {t) 



-iy/M f (t)n f (t)(x f 



(49) 



9 More preciously, there was considered in [45], [46] the oscillator model described by the Hamiltonian 
function (|45j) with neglected Xk- and p^-terms as well as with time-periodic coefficient Mf(t) (m = 
Mf) and constant frequency oj. 
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a) x t b) x t c) x t 

Figure 4: The particle trajectory for function f K (t) = (e~* — 1 j and parameters m = 

u — k — 1. The dashed line corresponds to the case of classical (undeformed) oscillator 
and the time parameter runs from to 30, 50 and 100 for figures a), b) and c) respectively. 

a k = ( _ iyfWtux k ) , (50) 
V2 \\Jmu) J 



then, in analogy to Section 2, one gets 



(51) 



with time-dependent coefficients 



Q f± (t) = Q f (t) T and n f (t)=^l + ^P K (t)- (52) 

Additionally, one can observe that 

AE f (t) := E fn++hn _ +hnk+1 (t) - E fn+jn _ >nk (t) = 2Q f (t) + u . (53) 

Finally, let us note that in the case of function (35a) with fixed parameter k, the 
formula fl52l) takes the form 



m 2 uj 2 



Qj(t) = ^/l + — sin^-J , (54) 

and difference (1531) becomes periodic in time (see Fig. [5]). For the second, "exponential" 
choice of f K (t), the function 



m 2 uj 2 ' \ 2 



n / (t)=w A /l + — (e~-l) , (55) 
12 



a) 




Figure 5: The time evolution of functions fi/(£), Mf(t), Qf±(t), Ef 0i0 fi(t), -E 1 / 1,1,1 (t) 
and difference AEf(t) = £>/i,i,i(t) — Efo,o,a(t) for function / K (i) = sin(t/re) with fixed 
parameter k and m = u = 1. 



is smaller than f2j = cuy 1 + m 4 " for large times, and then, the difference (153]) becomes 

finite (see Fig. [6]). The time evolution of i?o,o,o(£) an d -£a,i,i(t) eigenvalues has been 
presented for two considered cases on Fig. [5] and [6] respectively. 

6 Final Remarks 

In this article we investigate the classical and quantum oscillator model defined on non- 
commutative space-time ([3]) and its generalized version P|. The corresponding equations 
of motion are provided and the time-dependent spectra of both quantum models are 
analyzed and illustrated. 

As we already mentioned, the presented investigations describe the link between non- 
commutative space-time geometry and oscillator models with time-dependent mass and 
frequency [12]- [IS]. We mentioned that better understanding of such a connection based 
on more detailed studies is postponed for future investigations. 

It should be noted that the present project can be extended in various ways. First of 
all, one should consider more complicated system like a particle in a central field potential 
defined on quantum spaces ([3]) and (jlj). Secondly, one can investigate the oscillator model 
on other deformed space-times such as a fuzzy or twisted quantum spaces [50] and [37] . 
Finally, one should ask about oscillator system defined on phase space with position 
noncommutativity (fl8l) . (T42l) supplemented by suitable deformation of the momentum 
sector. Such a model has been considered recently in [21] in a context of noncommutative 
space-time (JT|) with additionally deformed Poisson brackets for momentum coordinates 
p^. The studies in these directions are in progress. 
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Figure 6: The time evolution of functions Mf(t), Qj±(t), Ef 0t0j0 (t), and 

difference AE f (t) = £yi,i,i(t) - £/ ,o,o(*) for function / K (£) = (e"* /K - 1) with fixed 
parameter /t and m = a; = 1. 
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